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Abstract 



' In the Lagrangian field theory, one gets different identities for different stress 

energy-momentum tensors, e.g., canonical energy-momentum tensors. Moreover, 
O I these identities are not conservation laws of the above-mentioned energy-momentum 

tensors in general. In the framework of the multimomentum Hamiltonian formalism, 



we have the fundamental identity whose restriction to a constraint space can be 
treated the energy-momentum conservation law. In standard field models, this 
appears the metric energy-momentum conservation law. 



^ ■ 1 Introduction 
o ■ 

^ I We follow the generally accepted geometric description of classical fields by sections of 

T^ij- I fibred manifolds Y ^ X. Their dynamics is phrased in terms of jet spaces (see P, ^ H, 

^ ■ for the bibliography). Given a fibred manifold Y ^ X, the fc-order jet space J'^Y of 

O . Y comprises the equivalence classes j^s, x G X, of sections s of y identified by the first 

(k + l) terms of their Taylor series at a point x. One exploits the well-known facts that: (i) 
^1 the /c-jet space of sections of a fibred manifold y is a finite-dimensional smooth manifold 

and (ii) a fc-order differential operator on sections of a fibred manifold Y can be described 
as a morphism of J^'Y to a vector bundle over X. As a consequence, the dynamics of field 
systems is played out on finite-dimensional configuration and phase spaces. Moreover, this 
dynamics is phrased in the geometric terms due to the 1:1 correspondence between the 
sections of the jet bundle J^Y Y and the connections on the fibred manifold Y ^ X 



In field theory, we can restrict ourselves to the first order Lagrangian formalism when 
the configuration space is J^Y. Given fibred coordinates (x^', y*) of Y, the jet space J'Y 
is endowed with the adapted coordinates (x^, y\y'^^). A first order Lagrangian density on 
the configuration space J^Y is represented by a horizontal exterior density 

L = C{x^,y\y'^)u, lu = dx^ A ... A dx"-, n = dimA. 

The corresponding first order Euler-Lagrange equations for sections s of the fibred jet 
manifold J^Y ^ X read 

dxs' = s\, 

diC - (dx + 7s{d, + dxsld^)d^C = 0. (1) 
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Conservation laws are usually related with symmetries. There are several approaches 
to examine symmetries in the Lagrangian formalism, in particular, in jet terms ^, |12[. 
We consider the Lie derivatives of Lagrangian densities in order to obtain differential 
conservation laws. These are conservation laws of Noether currents and the energy- 
momentum conservation laws. 

If the Lie derivative of a Lagrangian density L along a vertical vector field ug on a 
bundle Y is equal to zero, the current conservation law on solutions of the first order 
Euler-Lagrange equations (P takes place. In this case, the vertical vector field ug plays 
the role of a generator of internal symmetries. 

In case of the energy-momentum conservation law, a vector field on Y is not vertical 
and the Lie derivative of L does not vanish in general. Therefore, this conservation law 
is not related with a symmetry. Moreover, one can not say a priori what is conserved. 

In gravitation theory, the first integral of gravitational equations is the conservation 
law of the metric energy-momentum tensor of matter, but only in the presence of the grav- 
itational field generated by this matter. In other models, the metric energy-momentum 
tensor holds a posteriori. 

Let 

u = u^'d^ + u^di 

be a vector field on a fibred manifold Y and u its jet lift onto the fibred jet manifold 
J^Y —>■ X. Given a Lagrangian density L on J^Y, let us computer the Lie derivative 
liuL. On solutions s of the first order Euler-Lagrange equations (|I|), we have the equality 

rL^L = -^Mmu^ - u%) + u'^C{-s)]u:, vrf = d^C. (2) 
In particular, if m is a vertical vector field such that 

^uL = 0, 

the equality (H) takes the form of the current conservation law 

d 



dx^ 



[uxm = 0. (3) 



In gauge theory, this conservation law is exemplified by the Noether identities. 
Let 

r = r^dx 

be a vector field on X and 

u = Tr = T''{d^ + Tid,) 

its horizontal lift onto the fibred manifold y by a connection F on Y. In this case, the 
equality (H) takes the form 

rL,,L = -^^[r^Tr\{s)]u; (4) 
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where 

Tr\is) = nfcs;, - r;) - 5;/: (5) 

is the canonical energy-momentum tensor of a field s with respect to the connection F on 
Y. The tensor (||) is the particular case of the stress energy-momentum tensors [Jl], 0, ^. 

Note that, in comparison with the current conservation laws, the Lie derivative L-^L 
fails to be equal to zero as a rule, and the equality (H) is not the conservation law of any 
canonical energy-momentum tensor in general. It does not look fundamental, otherwise 
its Hamiltonian counterpart. In the framerwork of the multimomentum Hamiltonian 
formalism, we get the fundamental identity (|52D whose restriction to a constraint space 
can be treated the energy-momentum conservation law. In standard field models, this 
appears the metric energy-momentum conservation law in the presence of a background 
world metric. 

Lagrangian densities of field models are almost always degenerate and the correspond- 
ing Euler-Lagrange equations are underdetermined. To describe constraint field systems, 
the multimomentum Hamiltonian formalism can be utilized P, 0, |ll[ . In the framework 
of this formalism, the phinite-dimensional phase space of fields is the Legendre bundle 

U=AT*X(g)TX(g)V*Y (6) 

Y Y 

over Y into which the Legendre morphism L associated with a Lagrangian density L on 
J^Y takes its values. This phase space is provided with the fibred coordinates {x^, y\pf ) 
such that 

(a;^y^pr)oL = (x^y^<). 

The Legendre bundle (P) carries the multisymplectic form 

n = dpf A dy' A uj <S) dx. (7) 

In case of X = R, the form Q recovers the standard symplectic form in analytical me- 
chanics. 

Building on the multisymplectic form Q, one can develop the so-called multimomentum 
Hamiltonian formalism of field theory where canonical momenta correspond to derivatives 
of fields with respect to all world coordinates, not only the temporal one. On the math- 
ematical level, this is the straightforward multisymplectic generalization of the standard 
Hamiltonian formalism in analytical mechanics to fibred manifolds over an n-dimensional 
base X, not only R. 

Note that the Hamiltonian approach to field theory was called into play mainly for 
canonical quantization of fields by analogy with quantum mechanics. The major goal of 
this approach has consisted in establishing simultaneous commutation relations of quan- 
tum fields in models with degenerate Lagrangian densities, e.g., gauge theories. In classi- 
cal field theory, the conventional Hamiltonian formalism fails to be so successful. In the 
straightforward manner, it takes the form of the instantaneous Hamiltonian formalism 
when canonical variables are field functions at a given instant of time. The corresponding 
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phase space is infinite-dimensional. Hamiltonian dynamics played out on this phase space 
is far from to be a partner of the usual Lagrangian dynamics of field systems. In partic- 
ular, there are no Hamilton equations in the bracket form which would be adequate to 
Euler-Lagrange field equations, otherwise in the multumomentum Hamiltonian formalism. 

We say that a connection 7 on the fibred Legendre manifold H — X is a Hamiltonian 
connection if the form 7J Q is closed. Then, a Hamiltonian form on H is defined to be 
an exterior form such that 

dH = ^\n (8) 

for some Hamiltonian connection 7. Every Hamiltonian form admits splitting 

H = p^df Aux- p^T\u - HrUJ = p^dy' Alux-Hu, ux = dx\ u, (9) 

where F is a connection onY^X. Given the Hamiltonian form H (^), the equality (^) 
comes to the Hamilton equations 

dxr\x) = d\7i, dxr^{x) = -d,H (10) 

for sections r of the fibred Legendre manifold H — > X. 

The Hamilton equations (0) are the multimomentum generalization of the standard 
Hamilton equations in mechanics when X = R. The energy-momentum conservation law 
(|5^ ) which we suggest is accordingly the multimomentum generalization of the familiar 
energy conservation law 

dn _ dn 

dt ~ dt ^ ^ 

in analytical mechanics. 



2 Technical preliminary 

A fibred manifold 

n:Y ^X 

is provided with fibred coordinates {x^,y^) where x'*' are coordinates of the base X. A 
locally trivial fibred manifold is termed the bundle. We denote by VY and V*Y the 
vertical tangent bundle and the vertical cotangent bundle of Y respectively. For the 
sake of simplicity, the puUbacks Y x TX and Y x T*X are denoted by TX and T*X 

respectively. 

On fibred manifolds, we consider the following types of differential forms: 

r 

(i) exterior horizontal forms Y — > AT*X, 

T 

(ii) tangent-valued horizontal forms Y ^ A T*X TY and, in particular, soldering 
forms Y T*X (g) VY, 

Y 
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(iii) pullback-valued forms 

Y ^ A T*Y (g) TX, 

Y 

Y ^Kt*Y ®T*X. 

Y 

Horizontal n-forms are called horizontal densities. 

Given a fibred manifold Y ^ X, the first order jet manifold J^Y of Y is both the 
fibred manifold J^Y ^ X and the affine bundle J^Y ^Y modelled on the vector bundle 
T*X ®Y It is endowed with the adapted coordinates (x^, y*, y^): 

We identify J^Y to its image under the canonical bundle monomorphism 

A : J'^Y -^T*X®TY, 

Y Y 

\ = dx^®{d^ + y\di). (12) 

Given a fibred morphism of $ : y ^ F' over a diffeomorphism of X, its jet prolongation 
ji$ ; jiy ^ jiy reads 



(jT 



Every vector field 



u = u^dx + u'di 



on a fibred manifold Y X gives rise to the projectable vector field 

M = n o J^n : J^Y J^TY TJ% 

u = u^dx + u'd, + {dxu' + yid.u' - y'^dxu^)dl, (13) 

on the fibred jet manifold J^Y X where J^TY is the jet manifold of the fibred manifold 
TY X. 



The canonical morphism (|T2D gives rise to the bundle monomorphism 
X: J^Y xTX 3 dx^dx = dx\X G J^Y x TY, 

X Y 

dx = dx + y\di. 

This morphism determines the canonical horizontal splitting of the pullback 

J^Y xTY = X{TX) © VY, (14) 

Y ,nY 
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In other words, over J^Y , we have the canonical horizontal splitting of the tangent bundle 
TY. 

Building on the canonical splitting ([T^), one gets the corresponding horizontal split- 
tings of a projectable vector field 

u = u^dx + u% = UH + uv = u\dx + y\di) + {u' - u^y\)d^ (15) 

on a fibred manifold Y ^ X. 

Given a fibred manifold Y X, there is the 1:1 correspondence between the connec- 
tions on y ^ X and global sections 

T = dx^® {dx + T\di) 

of the affine jet bundle J^Y — > Y. Substitution of such a global section F into the 
canonical horizontal splitting (0) recovers the familiar horizontal splitting of the tangent 
bundle TY with respect to the connection F on Y. These global sections form the affine 
space modelled on the linear space of soldering forms on Y. 

Every connection TonY^X yields the first order differential operator 

Dr : J^Y T*X O VY, 

Y Y 

Dr = {y\ - V\)dx^ ® di, 

on Y which is called the covariant differential relative to the connection F. 

The repeated jet manifold J^J^Y, by definition, is the first order jet manifold of 
J^Y X. It is provided with the adapted coordinates {x^, y\ y\, yl^^yxf^- Its subbundle 

J^Y with y'^f^^^ = y\ is called the sesquiholonomic jet manifold. The second order jet 

manifold J^Y of Y is the subbundle of J^Y with y\^ = y^^^^. 

There exists the following generalizations of the contact map ( [T^ ) to the second order 
jet manifold J^Y: 

X: J^Y ^ T*X ® TJ% 

X = dx^®dx = dx^ ® {dx + y\d, + y^xd^, (16) 

The contact map (|1^) defines the canonical horizontal splitting of the tangent bundle 
TJ^Y and the corresponding horizontal splitting of a projectable vector field u on J^Y 
over J^Y: 

u = uh + uv = u^{dx + y\di + y^A^f ) 

+ [(«^-y>^)9. + («;-y;X)9r]. (17) 
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3 Conservation laws in the Lagrangian formalism 

Let y — > X be a fibred manifold and L = Cu a Lagrangian density on J^Y. Witli L, the 
jet manifold J^Y carries the uniqie associated Poincare-Cartan form 

El = n^dy' Alox- 7f^y\uj + £uj (18) 

and the Lagrangian multisymplectic form 

Ql = {djTT^dy^ + d^Ti^dyl) AdfAu^dx- 

Using the puUback of these forms onto the repeated jet manifold J^J^Y, one can construct 
the exterior form 

Al = dSL -\\nL = [ylx) - y\)d7^- + (5. - Oxd^Cdy'] A u, (19) 

\ = dx^® Bx, dx = dx + y\x)d, + y'^xdl 

on J^J^Y. Its restriction to the second order jet manifold J^Y of Y reproduces the 
familiar variational Euler-Lagrange operator 

£l = [d. - {dx + y\d, + ylxd^)dl]Cdy^ A u. (20) 

The restriction of the form (^) to the sesquiholonomic jet manifold J^Y defines the 
sesquiholonomic extension £'j^ of the Euler-Lagrange operator (|20|) . It is given by the 
expression (^), but with nonsymmetric coordinates y'^^^- 

Let s be a section of the fibred jet manifold J^Y X such that its first order jet 
prolongation J^s takes its values into Kerf"^. Then, s satisfies the first order differential 
Euler-Lagrange equations (||). They are equivalent to the second order Euler-Lagrange 
equations 

d,C - {dx + dxs'd, + dxd^s^d^)dlC = 0. (21) 

for sections s of y where s = J^s. 

We have the following conservation laws on solutions of the first order Euler-Lagrange 
equations. 

Let 

u = u^d^ + u^di 

be a vector field on a fibred manifold Y and u its jet lift (p!3| ) onto the fibred jet manifold 
J^Y X. Given a Lagrangian density L on J^Y , let us compute the Lie derivative L^jL. 
We have 

L^L = [dx{T^l{u' - u%) + u^C) + {u' - u^y%d, - 9^9^ )£]u;, (22) 
dx = dx^ y\d, + y'^^dl 

On solutions s of the first order Euler-Lagrange equations, the equality (p2|) comes to the 
conservation law @). 
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To calculate the Lie derivative (^), on should single out the vertical component uy 
of the vector field u ( pTSD on J^Y. Its horizontal splitting (0) over J^Y reads 

UH = u\dx + y\ + y;^) = u%, (23) 
uv = {u' - yiu')d, + {dxu' + yid.u' - y^d^u^ - y\X)dl (24) 

Given the splitting (0), we have 

= {UyC)u + dx{u''C)uj. (25) 

In particular, if 

iJ^uyC) = 0, (26) 
the Lie derivative (ESl) comes to the total differential. 



If u is a vertical vetor field such that the relation (|26|) holds, we have the conservation 
law (0) of the current wVf associated with the vertical field u. 

If the vector field u is not vertical, the equation (^) where uy is given by the expression 
(p^ ) is formal because of the factor y\^. To overcome this difficulty, one can construct 
the lift Uoo of a projectable vector field u on the bundle Y onto the infinite order jet 
space J°°Y . Moreover, the vertical part of u^o must take a certain form in order that the 
equation (p6|) makes sense. We have 

«oo = u\dx + y\d, + ...) + (27) 

oo 
fc=0 

where ug is a certain vertical vector field on Y . In gauge theory, ug are principal vector 
fields on a principal bundle P which are associated with isomorphisms of P. Next Section 
covers this case. 
Now, let 

u = Tr = r^{d^ + r^d,) 
be the horizontal lift of a vector field 

r = r^dx 

on X onto the fibred manifold F by a connection F on Y . In this case, the equality (^) 
takes the form (^) where TY^fj,{s) (^ are coefficients of the T*X- valued form 

Tr(s) = -(rjSz.) o 5 = K^(s; - r;) - <5i/:]cia;'^ ® oo, (28) 

on X. One can think on this form as being the canonical energy-momentum tensor of a 
field s with respect to the connection F on Y. In particular, when the fibration Y X 
is trivial, one can choose the trivial connection T = 6x- In this case, the form (|28| ) is 
precisely the standard canonical energy-momentum tensor. If 

LX = 
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for all vector fields t on X, the conservation law (^) comes to the familiar conservation 
law 

of the canonical energy-momentum tensor. In general, the Lie derivative L-pL is not equal 
to zero and the equality (§) is not the conservation law of the canonical energy-momentum 
tensor. 

Note that if the above-mentioned field r on X is associated with a diffeomorphism of 
the manifold X, its horizontal lift corresponds to the lift of this diffeomorphism to the 
bundle isomorphism of Y by the connection F on y. But the equality fails to be a 
symmetry condition if the corresponding Lie derivative is not equal to zero. 

4 Gauge symmetries 

In gauge theory, several types of gauge transformations are considered. We follow the 
definition of gauge transformations as isomorphisms of a principal bundle 
Let 

Tip: X 

be a principal bundle with a structure Lie group G which acts freely and transitively on 
P on the right: 

Tg-.p^ pg, (29) 
p G P, geG. 

A principal bundle P is also the general affine bundle modelled on the left on the associated 
group bundle P with the standard fibre G on which the structure group G acts by the 
adjoint representation. The corresponding bundle morphism reads 

P X P 3 {p,p) pp ^ P. 

Note that the standard fibre of the group bundle P is the group G , while that of the 
principal bundle P is the group space of G on which the structure group G acts on the 
left. 

A principal connection A on a principal bundle P ^ X is defined to be a G-equivariant 
connection on P such that 

J^Vg O A = A O Vg 

for each canonical morphism (p9|). There is the 1:1 correspondence between the principal 
connections on a principal bundle P X and the global sections of the quotient 

C = J^P/G (30) 
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of the jet bundle J^P ^ P by the first order jet prolongations of the canonical morphisms 
(|29|). We shall call C the principal connection bundle. It is an affine bundle modelled on 
the vector bundle 

C = T*X O V^P 

where 

V^P = VP/G 

is the quotient of the vertical tangent bundle VP of P by the canonical action (^) of G 
on P. Its standard fibre is the right Lie algebra Qr of the right-invariant vector fields on 
the group G. The group G acts on this standard fibre by the adjoint representation. 

Given a bundle atlas of P, the bundle G is provided with the fibred coordinates 
(x^, fc™) so that 

ik]^oA)ix) = A^{x) 

are coefficients of the local connection 1-form of a principal connection A with respect 
to the atlas The first order jet manifold J^G of the bundle G is provided with the 
adapted coordinates (x^, fc™, fc^). 

Let y ^ X be a bundle associated with a principal bundle P ^ X. The structure 
group G of P acts freely on the standard fibre ^ of F on the left. The total space of the 
P-associated bundle Y, by definition, is the quotient 

y = (p X V)/G 

of the product P x V hj identification of its elements {pg x gv) for all g E G. 

Every principal connection A on a principal bundle P yields the associated connection 

T = dx^® [dx + A^;{x)Irr:,y'd;\ (31) 

where A^{x) are coefficients of the local connection 1-form and are generators of the 
structure group G on the standard fibre V of the bundle Y . 

Since only Lie derivatives along vertical vector fields lead to conservation laws, we here 
restrict our consideration to isomorphisms of a principal bundle P over the identity mor- 
phism of its base X. Given a principal bundle P ^ X, by a principal morphism is meant 
its G-equivariant isomorphism $p over X together with the first order jet prolongations 
J^$p. Whenever g & G, we have 

rgO^p = ^pO Tg. 

Every such isomorphism $p is brought into the form 

^p{p)=pfs{p), peP, (32) 
where fs is a G-valued equivariant function on P: 

fsiqg) = 9'^fs{q)9, g^G. 
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There is the 1:1 correspondense between these functions and the global section s of the 
group bundle P: 

s{n{p))p = pfs{p). 

For each P-associated bundle Y, there exists the fibre-preserving representation mor- 
phism 

P X Y 3 {p,y) py e Y 

where P is the P-associated group bundle. Building on this representation morphism, 
one can induce principal morphisms of Y: 

^s-Y3y^ {so7v){y)y G Y 

where s is a global section of P. 

Principal morphisms $p constitute the gauge group which is isomorphic to the group 
of global sections of the P-associated group bundle P. The Sobolev completion of the 
gauge group is a Banach Lie group. Its Lie algebra in turn is the Sobolev completion 
of the algebra of generators of infinitesimal principal morphsms. These generators are 
represented by the corresponding vertical vector fields ug on a P-associated bundle Y 
which carries representation of the gauge group. We call them principal vector fields. 

It is readily observed that a Lagrangian density L on the configuration space J'Y IS 
gauge invariant iff, whenever local principal vector field ug on Y ^ X , 

= 0. (33) 

In case of unbroken symmetries, the total configuration space of gauge theory is the 
product 

J^Y X J^C 

X 

where F is a P-associated vector bundle whose sections describe matter fields. 
Local principal vector fields on the P-associated vector bundle Y X read 

Ug = a"'{x)ljjy^di 

where Im are generators of the structure group G acting on V and a^{x) are arbitrary 
local functions on X. Local principal vector fields on the principal connection bundle C 
are written 

ug = {d,a"^ + Ckla^di^. 
Then, a local principal vector field on the product C xY takes the form 

ug = {uia^ + ui^d^a^dA = {d,a"^ + Cky)di^ + a"^{x)lj,y^d, 

where the collective index A is utilized. Substituting this expression into the equality 
one recovers the familiar Noether identities for a gauge invariant Lagrangian density 
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L: 



uiidA - dxd\)C + dx{uid\C) = 0, 

ut^idA - d,d\)C + d.iui'^d^C) + utd\L = 0, 



5 Multimomentum Hamiltonian formalism 

Let n be the Legendre bundle over a fibred manifold Y ^ X. It is provided with the 
fibred coordinates {x^,y\p^): 

By J^n is meant the first order jet manifold of 11 — > X. It is coordinatized by 

{x\y\plyl),pl). 

We call by a momentum morphism any bundle morphism $ : 11 ^ J^F over Y. Given 
a momentum morphism $, its composition with the monomorphism (|12D is represented 
by the horizontal puUback-valued 1-form 

on n — > y . For instance, let F be a connection on Y. Then, the composition F = F o vrny 
is a momentum morphism. Conversely, every momentum morphism $ determines the 
associated connection F<j, = $ o On on F — > X where On is the global zero section of 
U Y. Every connection F on y gives rise to the connection 

T = dx^0 [dx + T\{y)d, + i-d,T\{y)p'; - K'^,,ix)p^^ + K\,{x)p^)di] (34) 

on n ^ X where is a linear symmetric connection on T*X. 

The Legendre manifold 11 carries the multimomentum Liouville form 

e = -pfdy' Auj®dx 

and the multisymplectic form Q (|^. 

The Hamiltonian formalism in fibred manifolds is formulated intrinsically in terms of 
Hamiltonian connections which play the role similar to that of Hamiltonian vector fields 
in the symplectic geometry. 

We say that a connection 7 on the fibred Legendre manifold H — > X is a Hamiltonian 
connection if the exterior form 7jr2 is closed. An exterior n-form H on the Legendre 
manifold H is called a Hamiltonian form if there exists a Hamiltonian connection satisfying 
the equation (||). 
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Let if be a Hamiltonian form. For any exterior horizontal density H = Tiuj on 11 — X, 
the form H — H is a Hamihonian form. Conversely, if H and H' are Hamiltonian forms, 
their difference H — H' is an exterior horizontal density on 11 — X. Thus, Hamiltonian 
forms constitute an affine space modelled on a linear space of the exterior horizontal 
densities on H — > X. 

Let r be a connection on y — > X and F its lift (34) onto H — > X. We have the equality 

fjfi = d{f\e). 

A glance at this equality shows that F is a Hamiltonian connection and 

is a Hamiltonian form. It follows that every Hamiltonian form on H can be given by the 
expression (^) where F is some connection on F — >■ X. Moreover, a Hamiltonian form has 
the canonical splitting (^ as follows. Given a Hamiltonian form H, the vertical tangent 
morphism VH yields the momentum morphism 

H:Ii-^J^Y, y\oH = d\n, 

and the associated connection Th = H oQ onY . As a consequence, we have the canonical 
splitting 

H = — H. 

The Hamilton operator £h for a Hamiltonian form H is defined to be the first order 
differential operator 

SH = dH-n= [{yl^ - din)dp^ - {va + d,n)dy'] A (35) 

where Vt is the puUback of the multisymplectic form onto J^H. 
For any connection 7 on H X, we have 

Sh o J = dH — 7J Q. 

It follows that 7 is a Hamiltonian jet field for a Hamiltonian form H if and only if it takes 
its values into KeiSn, that is, satisfies the algebraic Hamilton equations 

7l = din, 7.^ = -d.n. (36) 

Let a Hamiltonian connection has an integral section r of H — X. Then, the Hamilton 
equations ( ^6]) are brought into the first order differential Hamilton equations ([T0|) . 

Now we consider relations between Lagrangian and Hamiltonian formalisms on fibred 
manifolds in case of semiregular Lagrangian densities L when the preimage L~^{q) of each 
point of g G Q is the connected submanifold of J^Y. 
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Given a Lagrangian density L, the vertical tangent morphism VL of L yields the 
Legendre morphism 

L: J^Y ^ n, 

pfoL = Til 

We say that a Hamiltonian form H is associated with a Lagrangian density L if H 
satisfies the relations 

LoH\Q=ldQ, Q = L{J^Y), (37a) 
H = H- + LoH. (37b) 

Note that different Hamiltonian forms can be associated with the same Lagrangian density. 

Let a section r of 11 — > X be a solution of the Hamilton equations (0) for a Ha- 
miltonian form H associated with a semiregular Lagrangian density L. If r lives on the 
constraint space Q, the section s = H o r of J^Y —>■ X satisfies the first order Euler- 
Lagrange equations (|l]). Conversely, given a semiregular Lagrangian density L, let s be 
a solution of the first order Euler-Lagrange equations (^. Let if be a Hamiltonian form 
associated with L so that 

HoLos = s. (38) 

Then, the section r = LosofH^Xisa solution of the Hamilton equations (|10|) for H. 
For sections s and r, we have the relations 

S = J^S, S = TluY O 1^ 

where s is a solution of the second order Euler-Lagrange equations (^Tj). 

We shall say that a family of Hamiltonian forms H associated with a semiregular 
Lagrangian density L is complete if, for each solution s of the first order Euler-Lagrange 
equations (|l]), there exists a solution r of the Hamilton equations ([T0|) for some Hamilto- 
nian form H from this family so that 

r = Los, s = Hor, s = {ttuy ° r) . (39) 

Such a complete family exists iff, for each solution s of the Euler-Lagrange equations for 
L, there exists a Hamiltonian form H from this family so that the condition (^) holds. 

The most of field models possesses affine and quadratic Lagrangian densities. Com- 
plete families of Hamiltonian forms associated with such Lagrangian densities always exist 

MM- 

6 Hamiltonian gauge theory 

Let us consider the gauge theory of principal connections treated the gauge potentials. 
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In the rest of the article, the manifold X is assumed to be oriented and provided with 
a nondegenerate fibre metric g^i, in the tangent bundle of X. We denote g = det{g^^). 

Let P ^ X he a. principal bundle with a structure Lie group G wich acts on P on the 
right. There is the 1:1 correspondence between the principal connections A on P and the 
global sections of the bundle C = J^P/G. The finite-dimensional configuration space of 
principal connections is the jet manifold J^G coordinatized by {x'^, fc™, fc^). 

There exists the canonical splitting 

J^G = G+®G_ = (J^P/G) ©(A T*X ® V^P), (40) 
c c c 



over G. There are the corresponding canonical surjections 



T ■ T^C C — Jc"^ — h™- — r^h'^h^ 

•r ■ J ^ <^-, Xii — <^iiX ^Xii ^nl^X^ii- 

The Legendre bundle over the bundle G is 

n = A T*X ® TX ®\G X CY. 

c 

It is coordinatized by [x^^ k^,p!^). 

On the configuration space (|40|) , the conventional Yang-Mills Lagrangian density Lym 
is given by the expression 



1 



«L^'V'^-^A"^-^;.Vi^k (41) 



where is a nondegenerate G-invariant metric in the Lie algebra of G. The Legendre 
morphism associated with the Lagrangian density pTI) takes the form 

p(^^)oLyM = 0, (42a) 
pt'^ o Lym = e-'al^g^^g^^:F^^p^\. (42b) 

Let us consider connections on the bundle G which take their values into Ker Ly^: 

S : G ^ G+, S^x ~ ^TiJ. ~ Cni^A^Ji = 0- (43) 
For all these connections, the Hamiltonian forms 

H = p>:^dk^ ALU,- p^^SB'^y^UJ - Hym^. (44) 
riYM — yni^yXfBPm Pn \ 9 \ ; 
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are associated with the Lagrangian density Lym and constitute the complete family. 
Moreover, we can minimize this complete family if we restrict our consideration to connec- 
tions (^) of the following type. Given a symmetric linear connection K on the cotangent 
bundle T*X of X, every principal connection B on P gives rise to the connection Sb (|43|) 
such that 

SboB = So J^B, 

Sb^;:, = liCikX + 9,BT + 5^5; - Cik^Bi + k-,Bl)] - K\,{Bf - k^). 
The corresponding Hamilton equations for sections r of 11 — > X read 

^Afc; + d,k^ = 2SbT,x) (46) 

plus the equation (|42bD . The equations (|42b| ) and ( ^5D restricted to the constraint space 
(|42a|) are the familiar Yang- Mills equations for A = vrnc ° Different Hamiltonian forms 
PD lead to different equations ( PB] ) which play the role of the gauge-type condition. 

In gauge theory, matter fields possessing only internal symmetries are described by 
sections of a vector bundle 

Y = {Px V)/G 

associated with a principal bundle P. It is provided with a G-invariant fibre metric . 
Because of the canonical vertical splitting 

VY = YxY, 

X 

the metric is a fibre metric in the vertical tangent bundle VY — > X. A linear connection 
r on y is assumed to be associated with a principal connection on P. It takes the form 

On the configuration space J^Y, the Lagrangian density of matter fields in the presence 
of a background connection F on y reads 

km) = \o^Ar{yl - ^'M - r^) - m'yY]^\^. (47) 

The Legendre bundle of the vector bundle Y is 

n = 1\T*X®TX®Y\ 

Y Y 

The unique Hamiltonian form on H associated with the Lagrangian density L^m) (|47|) 
reads 

Him) = P-dy" Aux- P^r{uj - ^{a^g^,p^p'< \ g \-' 

+m\ly'y^)^\u (48) 
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where ay is the fibre metric in V*Y dual to . There is the 1:1 correspondence between 
the solutions of the first order Euler-Lagrange equations for the regular Lagrangian density 
( |47| ) and the solutions of the Hamilton equations for the Hamiltonian form (^). 

In the case of unbroken symmetries, the total Lagrangian density of gauge potentials 
and matter fields is defined on the configuration space 

J^Y X J^C. 

X 

It is the sum of the Yang-Mills Lagrangian density (^1]) and the Lagrangian density p7|) 
where 

T\ = k^IJ.y'. (49) 

The associated Hamiltonian forms are the sum of the Hamiltonian forms (|^) where 
S = Sb and the Hamiltonian form (^) where F is given by the expression (^Qf) . In this 
case, the Hamilton equation ( ^S]) contains the familiar matter source PilrnjU^ of gauge 
potentials. 



7 Energy- momentum conservation laws 

In the framerwork of the multimomentum Hamiltonian formalism, we get the fundamental 
identity whose restriction to the Lagrangian constraint space recovers the familiar energy- 
momentum conservation law, without appealing to any symmetry condition. 

Let if be a Hamiltonian form on the Legendre bundle H over a fibred manifold 
Y ^ X. Let r be a section of of the fibred Legendre manifold H — > X and (y*(a;), its 
local components. Given a connection F on F ^ X, we consider the following T*X-valued 
{n — l)-form on X: 

Tr{r) = -{T\H)or, 

Tr{r) = - F;) - 5l{pt{y'^ - F^) - Hr)]dx^ ® u,, (50) 

where Tir is the Hamiltonian density in the splitting (|^) of H with respect to the connec- 
tion F. 
Let 

r = r^dx 

be a vector field on X. Given a connection F on y — > X, it gives rise to the vector field 
rr = T^dx + T^T\d, + {-T^pp.r^ - pfd^T^ + ptdy)d\ 

on the Legendre bundle H. Let us calculate the Lie derivative Ij-^Hy on a section r. We 
have 

(L~ i^r) o r = p^^R^^ + d[T^Tr\{T)ujy] - (frvj^n) o r (51) 
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where 



R = -R}^^dx^ A dx^ ®di = 

i(9,r; - d,T\ + T{d,Tl - T^^d,T\)dx^ A dx^ ® d,; 

of the connection F, Sh is the Hamilton operator ( p5D and 

fry = r\ri - y\)d, + {-T^p]d,V, - pfd.r^ + pfd.r' - r^P^dl 

is the vertical part of the canonical horizontal splitting of the vector field fy on 11 over 
J^n. If r is a solution of the Hamilton equations, the equality (|5ll) comes to the identity 

(d, + r;9. - d.T^^ppDHr - -^Tr\ir) = pfR,^. (52) 
On solutions of the Hamilton equations, the form (|50| ) reads 

Mr) = [p^d^Hr - S'^iptd^^Hr - Hv)]dx^ ® u^. (53) 

One can verify that the identity ( ^21) does not depend upon choice of the connection F. 
For instance, if X = R and F is the trivial connection, then 

Tr(r) = n^dt 

where Tio is a Hamiltonian and the identity ( p2D consists with the familiar energy conser- 
vation law 

Unless n = 1, the identity ( ^2[ ) can not be regarded directly as the energy- momentum 
conservation law. To clarify its physical meaning, we turn to the Lagrangian formalism. 
Let a multimomentum Hamiltonian form H be associated with a semiregular Lagrangian 
density L. Let r be a solution of the Hamilton equations for H which lives on the 
Lagrangian constraint space Q and s the associated solution of the first order Euler- 
Lagrange equations for L so that they satisfy the conditions (|39|). Then, we have 

Tr{r)=Tr{s) 

where is the Lagrangian canonical energy- momentum tensor (^) . It follows that the form 
([53| ) may be treated as a Hamiltonian canonical energy-momentum tensor with respect 
to a background connection F on the fibred manifold Y ^ X (or a Hamiltonian stress- 
energy-momentum tensor). At the same time, the examples below will show that, in 
field models, the identity (0) is precisely the energy-momentum conservation law for the 
metric energy-momentum tensor, not the canonical one. 

In the Lagrangian formalism, the metric energy-momentum tensor is defined to be 
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In case of a background world metric g, this object is well-behaved. In the framework of 
the multimomentum Hamiltonian formalism, one can introduce the similar tensor 



^gtH-^ = 2^. (54) 



Recall the useful relation 

d dr 



If a multimomentum Hamiltonian form H is associated with a semiregular Lagrangian 
density L, we have the equalities 

where q & Q and 

HoL{z) = z. 

In view of these equalities, we can think of the tensor (^) restricted to the Lagrangian 
constraint space Q as being the Hamiltonian metric energy-momentum tensor. On Q, 
the tensor ( |5^ does not depend upon choice of a Hamiltonian form H associated with L. 
Therefore, we shall denote it by the common symbol t. Set 

= a f^"" 



In the presence of a background world metric g, the identity ( |52D takes the form 



t\{\,}V^g + [VA - d.np'd\)Hr = -^Tr\ + (55) 



where 

and by {"a^j} are meant the Cristoffel symbols of the world metric g. 

For instance, let us examine matter fields in the presence of a background gauge 
potential A which are described by the Hamiltonian form (^). In this case, we have the 
equality 



t\^g = T\ = Kg,uP^p'^{-gr' 
1 



and the gauge invariance condition 

IJ^Pp{n = 0. 
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The identity (^5|) then takes the form of the energy-momentum conservation law 



where Va is the covariant derivative relative to the Levi-Civita connection and F is the 
strength of the background gauge potential A. 

Let us consider gauge potentials A described by the complete family of the multi- 
momentum Hamiltonian forms (H) where S = Sb and K^^x = {^^\}. On the solution 
k = B, the curvature of the connection Sb is reduced to 



■m m -T^n 

afi qn 



af}) 



Set 



We have 



P. 



aX]f)m nj 



YM 



2v^ 



cX\\pu\ 



n 



YM 



In virtue of Eqs.( |42a|) , ( |42b|) and (|45|), we obtain the relations 



[Xa] T3m 
Pm ^Xafj. 



^n'^a^,Pm9px'^YM 



/3) 
/3) 



and 



The identity (^5|) then takes the form of the energy-momentum conservation law 







in the presence of a background world metric. 

Note the identity (^) remains true also in gravitation theory. But its treatment as 
an energy-momentum conservation law is under discussion. The key point consists in the 
feature of a gravitational field as a Higgs field whose canonical momenta on the constraint 
space are equal to zero. 
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